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ABSTRACT Quantitative description of the thermodynamic consequences of macromolecular crowding (excluded volume
nonideality) is an important component of analyses of the thermodynamics and kinetics of noncovalent interactions of biopoly-
mers in vivo and in concentrated polymer solutions in vitro. By analyzing previously published thermodynamic data, we have
investigated extensively the comparative applicability of two forms of scaled particle theory (SPT). In both forms, macromolecules
are treated as hard spheres, but MSPT, introduced by Ross and Minton, treats the solvent as a structureless continuum, whereas
bulk water molecules are included explicitly as hard spheres in BSPT, an approach developed by Berg. Here we use both MSPT
and BSPT to calculate the excluded volume component of the macromolecular activity coefficient of hemoglobin (Hb) at con-
centrations up to 509 mg/ml by fitting osmotic pressure data for Hb and sedimentation equilibrium data for Hb and sickle-cell
Hb (HbS). Both forms of SPT also are used here to analyze the effects of other globular proteins (BSA and Hb) on the solubility
of HbS. In applying MSPT and BSPT to analyze macromolecular crowding, the extent of hydration ~b (in gH20/gprotein) is
introduced as an adjustable parameter to specify the effective (hard sphere) radius of hydrated Hb. In our nonlinear least-squares
fittings based on BSPT, the hard sphere radius of bulk water molecules is either fixed at 1.375 Aor floated. Although both forms
of SPT yield good fittings (with different values of ~) at Hb concentrations up to 350 mg/ml, only BSPT gives good fittings of
all available Hb osmotic pressure data as well as of the sedimentation equilibrium and solubility data. Only BSPT predicts values
for 8Hb (-0.5-0.6 g/g) in the range obtained for Hb from hydrodynamic measurements (-0.36-0.78 gig). These findings indicate
the applicability, at least in the context of BSPT, of a simple two-state classification of water (bulk water and water of mac-
romolecular hydration) as a basis for interpreting excluded volume nonideality in concentrated solutions of globular proteins.
INTRODUCTION
Scaled Particle Theory (SP1) provides a potentially powerful
theoretical basis for analysis of the thermodynamic conse-
quences of excluded volume under the crowded conditions
of the intracellular environment (Fulton, 1982; Cayley et aI.,
1991; Zimmerman and Trach, 1991). In the cytoplasm of
Escherichia coli, the macromolecule (Le., protein, ribosome,
RNA, and DNA) concentration increases from -275 mg/ml
to -450 mg/ml as the osmolarity of the growth medium is
increased from 0.1 Osm to 1.0 Osm (Cayley et aI., 1991).
Cayley et ai. (1991) proposed that this general increase in
macromolecule concentration greatly increases the effect of
macromolecular crowding as a driving force for macromo-
lecular association in vivo (e.g., binding of proteins to DNA)
as the osmolarity of the growth medium increases. They pro-
posed that the increase in macromolecular crowding with
increasing external osmolarity compensates at a thermody-
namic level for the concomitant increase in cytoplasmic K+
concentration, resulting in an osmotically insensitive ex-
tent of binding of proteins to nucleic acids and, hence, a
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homeostasis of gene expression over a range ofosmolarities.
Alternatively, Zimmerman and Trach (1991) proposed that the
effects of macromolecular crowding at any external osmolarity
are so large that virtually all of these DNA-binding proteins are
bound (either specifically or nonspecifically) to DNA Accord-
ing to this proposal, homeostasis results from the constancy of
the ratio of specific to nonspecific DNA sites at all external
osmolarities. Both of these proposals are based on estimates of
the macromolecular concentration dependence of thermody-
namic nonideality in vivo (specifically, macromolecular activity
coefficients) obtained by using Minton's (1983) version of
scaled particle theory (here designated MSP1).
MSPT was introduced by Ross and Minton (1979) to cal-
culate the variation in solubility of sickle-cell hemoglobin
(HbS) as a function of added "inert" (non-HbS) protein con-
centration, for comparison with data published by Behe and
Englander (1978). Ross and Minton assigned a radius for
HbS of 28 A (approximately equal to the unhydrated radius
of a spherical model of HbS), which they (Ross and Minton,
1977) had obtained previously from a McMillan-Mayer hard
sphere (MMHS) viTial analysis of osmotic pressure mea-
surements as a function of hemoglobin (Hb) concentration
(Adair, 1928). The solubility data of Behe and Englander also
were analyzed by Berg (1990), who developed an alternative
version of SPT (here designated BSP1) that includes water
explicitly as hard spheres to calculate macromolecular ac-
tivity coefficients. Specifically, Berg (1990) used BSPT to
predict the radius of HbS that provided the best (visual)
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agreement with the solubility curve calculated by Ross and
Minton (1979) using MSPT. From a semi-quantitative compari-
son of the MSPT- and BSPT-predicted solubility curves, Berg
reported a radius ofHbS (33 A) that is close to the experimental
hydrodynamic radius (-33.6 A; Squire and Himmel, 1979).
One of the goals of this paper is to determine the utility
of, and interpret the fitting parameters predicted by, MSPT
and BSPT. No systematic comparisons of the applicability of
these two theories to the existing body of diverse thermo-
dynamic measurements on concentrated solutions of any
macromolecule have been made to date. For this first quan-
titative comparison of MSPT and BSPT, we have analyzed
the following sets of thermodynamic measurements on con-
centrated protein solutions containing Hb or HbS: 1) osmotic
pressure data for Hb extending to 350 mg/ml (Adair, 1928);
2) osmotic pressure data for Hb up to 509 mg/ml (data col-
lected by Adair, but published by Dick, 1967); and 3) sedi-
mentation equilibrium data for carbon monoxide-saturated
Hb (COHb) and for carbon monoxide-saturated sickle cell
Hb (COHbS), which extend to -350 mg/ml (Ross et aI.,
1978). To quantify the comparison of MSPT and BSPT made
by Berg (1990), we also used both MSPT and BSPT to ana-
lyze the effects of Hb and BSA on the solubility for HbS, as
reported by Behe and Englander (1978). These sets of ther-
modynamic data are expected to provide informative tests of
MSPT and of BSPT, because they extend over an ex-
ceptionally wide range of Hb concentrations. Hb is rela-
tively spherical (Squire and Himmel, 1979), nonaggre-
gating in water (ct. the discussion of Kruger et aI., 1990),
and weakly charged in the range of pH of these experi-
mental data (Adair, 1928). Moreover, the Hb data are the
most appropriate available for evaluation of the applica-
bility of BSPT and MSPT at macromolecular concentra-
tions in the physiological range.
THEORETICAL BACKGROUND
Overview of applications of SPT to
macromolecular solutions
Ross and Minton (1977) used a truncated virial expansion to
calculate the mechanical pressure ofa hard sphere model protein
dissolved in continuum solvent to account for the contribution
of intersolute interactions to the dependence of osmotic pressure
on Hb concentration (Adair, 1928). On the basis of McMillan-
Mayer theory (1945) (ct. Hill, 1960), the osmotic pressure of the
protein solution was equated to the mechanical pressure of a
model solution where only hard sphere interactions among the
proteins were considered explicitly. (We designate this approach
as MMHS: McMillan-Mayer with hard sphere virial coeffi-
cients.) Subsequently, Minton and others (e.g., Minton, 1981;
Minton, 1983; Behe and Englander, 1978; Berg, 1990) used
MMHS and/or SPT as alternative methods of predicting the ex-
cluded volume nonideality of aqueous solutions containing one
or more (in the case of SPT) types of globular proteins as a
function of macromolecular concentration. SPT has the distinct
advantage ofbeing readily applicable to calculate macromolecu-
lar activity coefficients in solutions containing spherical mac-
romolecules of different radii, whereas applications of MMHS
to solutions containing more than one macromolecular compo-
nent do not appear to be practical. (To date, none has been
reported.)
SPT was derived by Lebowitz and co-workers to de-
scribe thermodynamic properties of a hard sphere fluid
containing one (Reiss et aI., 1959) or more (Lebowitz
et aI., 1965) components. Analogous expressions for mix-
tures of particles of different shapes have not been de-
rived using SPT. Two variants of SPT have been devel-
oped with the specific objective of calculating the
contribution of excluded volume to macromolecular ac-
tivity coefficients in concentrated protein solutions: the
first by Minton and co-workers (Ross and Minton, 1979)
and the second by Berg (1990). Neither of these forms of
SPT is predicated on the virial expansion or entails the
explicit evaluation of virial coefficients.
Minton's application ofSPT (here designated MSPT) con-
siders only interactions among the macromolecules, modeled
as hard spheres, to calculate their activity coefficients due to
excluded volume interactions. Water and all other low mo-
lecular weight species are not explicitly considered. The so-
lution is therefore treated like a single-component system, in
which the existence of solvent is recognized only insofar as
it may affect the size (i.e., effective hard sphere radius) of the
macromolecule of interest. Some implementations of MSPT
to analyze and interpret data pertaining to thermodynamic
nonideality in concentrated protein solutions in vitro have
been summarized by Minton (1983).
Berg's (1990) later application of SPT (designated BSPT)
explicitly includes water as a hard spherical particle that in-
teracts with itself and with solute macromolecules. In this
approach, the solute activity coefficient, a measure of the
excess free energy of the solute due to hard particle inter-
actions, is related to the isothermal, isobaric work of the
hypothetical process of transferring that solute from pure
water (represented as hard spheres) to the macromolecular
solution (represented as a mixture of hard sphere water and
hard sphere macromolecules).
Summary of SPT formulas
SPT can be used to predict the contribution of excluded vol-
ume effects (i.e., hard core interactions) to the excess chemi-
cal potential of a species k in a system comprised of one or
more species modeled as hard spheres. The activity coeffi-
cient of species k (relative to the ideal gas reference state
where the interaction potential of the fluid with species k is
zero everywhere) can be expressed as
(1)
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BSPT formulation
MSPT formulation
where Vw is calculated as described in the next section.
I We fmd that the approximation in Berg's (1990) development of BSPT
always overestimates the activity coefficient ('YHb) in a model Hb solution
as compared with the exact value determined using our version of BSPT.
The percent overestimation increases monotonically with increasing mac-
romolecular concentration from -2% at 200 mg/ml to -8% at 400 mg/ml.
In the analyses performed here, Berg's version of BSPT gives a smaller
value for IlHb, although it always falls within 1 SD of the best-fitted value
of~ obtained using our version of BSPT. The difference between the two
versions of BSPT is negligible for the protein concentration range examined
by Berg (1990), but becomes significant at higher concentrations of mac-
romolecules, such as those encountered in vivoo
Variants of BSPT:
approximate and exact calculations of the
number density of the bulk solvent
When eqs. 1 and 6 are used to calculate the solute activity
coefficient in the macromolecular solution, one of the nec-
essary input variables not known a priori is Vw ' To calculate
vw' Berg derived an approximate analytic expression by in-
troducing the SPT expression for the solute activity coeffi-
cient into the Gibbs-Duhem equation and integrating at con-
stant pressure and temperature. This approximate analytic
expression (Eq. A9 in Berg, 1990) is accurate to within 2% at
concentrations up to 200 mglml (according to our more exact
numerical calculations, as described below), but becomes less
accurate at the higher macromolecular concentrations in the
physiological range that also are of interest here.1
In our adaptation of BSPT, the hard sphere mechanical
pressure in the macromolecular solution (where the bulk wa-
ter density is vw) is equated to the hard sphere mechanical
pressure of pure water (of density v~) by using the following
general SPT expression (Lebowitz et aI., 1965):
1T SPT _ 6So 18S1Sz 18S~
RT P - 1 - S3 + (1 - S3)Z + (1 - S3)3' (7)
where the Sj are given either by Eq. 4 for water or by Eq.
6 for the macromolecular solution. Our approach to the
evaluation of Vw is thermodynamically equivalent to
Berg's integration of the Gibbs-Duhem relation at con-
stant temperature and pressure, but is computationally
preferable in situations where the approximation required
for analytic integration of the Gibbs-Duhem equation
ceases to be reliable. To derive an expression for the SPT
activity coefficient of a component in a mixture of hard
spheres (Lebowitz et aI., 1965), the pressure is included
initially as an unknown quantity in the excess free energy,
and the derivation proceeds by integrating the isothermal,
variable-pressure Gibbs-Duhem relation. Alternatively,
holding the pressure constant yields the isobaric, isother-
mal Gibbs-Duhem equation used by Berg to derive his
approximate analytic expression for vw' Specifically, Eq.
5.2 in Lebowitz et ai. (1965) at constant pressure is
equivalent to Eq. A.6 in Berg (1990).
Our numerical method of evaluating Vw using Eq. 7 stipu-
lates that the SPT-predicted hard sphere pressure of the mac-
romolecular solution be equal (within a small fraction,
_10- 15) to the SPT-predicted hard sphere pressure of pure
(5)
(6)
(4)
(3)
(2)
1T 0SMSPT = - V (2r )J
J 6Hb Hb'
In 'Y~PT == In 'Y~ - In 'Y~,ids,
Ods 1T 0Sj ="6 vw,0(2rw )J·
introducing Eq. 4 into Eq. 1 yields In 'Y~,jds. The Hb
concentration-dependent contribution fromfxcluded volume
effects to nonideality of the Hb-water mIxture defined by
BSPT, therefore, is
Nonideality of a solute in solution is typically determined
experimentally relative to an ideal dilute solution reference
state, achieved by approaching the limit of infinite dilution
of solute in solvent (i.e., where Vw ~ Vw 0' the value of Vw for
pure water, and where all Vj".W~ 0). As noted by Berg
(1990), the ideal dilute solution (designated by the super-
script "ids") of Hb in water is obtained when Sj in Eq. 2 takes
the form
With this definition of SrSPT, the quantity calculated from
Eq. 1, In 'Y:PT~ 0 as the Hb concentration vHb~ O.
where 'Y~.jds is the activity coefficient of Hb in pure water
relative to the ideal gas reference state (obtained using Eqs.
4 and 1), and 'Y~ is the activity coefficient of Hb in the
Hb-water mixture (at vHb), also relative to the ideal gas ref-
erence state. In all of the applications of BSPT presented in
this paper, no more than two species of differing size are
considered (Hb and water, w). Hence, 'Y~ in Eq. 5 is cal-
culated from
Ross and Minton (1979) implicitly used a continuum solvent
model (i.e. neglecting the molecularity of solvent and any
low-molecular weight solutes) to treat the macromolecular
solution as a single component macromolecular system. To
use MSPT in fitting thermodynamic data, Sj (in Eq. 2) is
given by
1T~ 0
Sj = "6 "7' vi(2rj )J,
where Vi is the number density of species i characterized by
a hard sphere radius ri and 1T = 3.14159 .. '. When all of the
rj~ 0, all of the Sj ~ 0 and In'Y~PT ~ 0, consistent with the
fact that Eq. 1 was derived with respect to the ideal gas
reference state.
In Eq. 1, each term of the form Sj (0 :5 j :5 3) is given by
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Specification of hard sphere radii of Hb
and water
Applications of MSPT and BSPT to describe the concen-
tration dependence of Hb nonideality in water require speci-
fication of the radius of Hb (rHb) and, for BSPT, the radius
of water (rw )' both of which are taken to be independent of
the particle densities, Vi' In general, the effective hard sphere
volume of Hb appropriate for applications of SPT may differ
from its partial molar volume. The hard sphere radius rHb
(in A) that appears in Eq. 3 or Eq. 6 is related to Vl'n" the
hydrated macromolecular volume, by analogy with the
classical expression used in analyzing transport data.
(See, e.g., pp. 339-341 in Tanford (1961) and pp.
584-586 in Cantor and Schimmel (1980»:
water (Le., the ideal dilute solution state). This pressure is
very large (-7800 atm) compared with typical experimental
conditions (1 atm), because only hard sphere interactions are
included in the SPT model. Any application of SPT wherein
the particle density of the model system is equated to that in
a real (liquid) system will necessarily predict an excessive
pressure, because the attractive forces responsible for the
volume of a system in the condensed state are not included
in SPT.
It is noteworthy that, using Eqs. 2 and 7, one can derive
an exact, analytic expression for the number density of bulk
water in the macromolecular solution (vw) in which Vw is a
cubic polynomial (cf. Guttman, 1994). In all cases examined,
we have found the solution to contain one real root (with a
physically reasonable value) and two complex roots. Be-
cause the coefficients of the cubic equation do not indicate
clearly the class of this cubic polynomial, it is possible that
some cases yield three real roots.
METHODS
Adair (1947) indicate that the partial specific volume of Hb
is independent of Hb concentration, at least over much of the
range of the data fitted here. (Consequently, for the purpose
of analyzing osmotic pressure measurements using the equa-
tion presented below, vHb in Eq. 8 can be equated to v:'n" its
value in the "ideal dilute solution" standard state.) It cannot
be known a priori whether the effective hard sphere volume
of Hb differs from its partial molar volume, or whether this
difference is constant over the experimental range of Hb
concentrations. If, however, the functional form of lnyz that
results from assuming the constancy of~ (in either MSPT
or BSPT) proves capable of fitting a given body of data over
the entire range of Hb concentrations, then this assumption
may at least be deemed consistent with the available ex-
perimental information. Estimates of S for proteins in solu-
tion typically exhibit some dependence on the method of
measurement (Kuntz and Kauzmann, 1974). Thus, best-fitted
values of~ obtained by analyzing various kinds of thermo-
dynamic data with the hard sphere model for Hb (MSP1), or for
both Hb and Hz0 (BSP1), may not be in close agreement with
each other or with values obtained by analyses of transport ex-
periments (0.36-0.74 gHzO/gHb; Tanford, 1961; Kuntz and
Kauzmann, 1974; Squire and Himmel, 1979).
For the BSPT calculations, a hard sphere radius for water (rw)
also must be specified. In most of our fittings, rw was fixed at
1.375 A (pierotti, 1965); cases where both rw and~ were fitted
are discussed below. We use a single value of rw to describe a
given set of data over the entire Hb concentration range.
Therefore, we implicitly assume that rw is independent of
Hb concentration over the range of data reported.
Osmotic pressure fittings
To ascertain the extent to which MPST and BSPT can account for the
concentration dependence of Hb nonideality in aqueous solutions, the theo-
retical dependences of 'Y:-:PT and 'Y::i:PT on Hb concentration are compared
using fittings of experimental thermodynamic data from Hb osmotic pres-
sure measurements, Hb sedimentation equilibrium measurements, and HbS
solubility in solutions with non-HbS protein added.
All fittings were obtained using NONLIN (Johnson and Frasier, 1985;
Straume et aI., 1991). All errors reported from our fittings are 1 SD as
obtained from NONLIN using a 67% confidence probability. Values of the
reduced chi-squared (X~) are evaluated from the variance obtained from
NONLIN.
Comparisons of the predictions of MSPT or BSPT with experimental mea-
surements of osmotic pressure (II) as a function of Hb concentration are
obtained using the following general thermodynamic relationship between
II and the solute activity coefficient 'YHb (derived in the Appendix).
Here v;'n, (in ml/g) is the partial specific volume of Hb in its standard (ideal
dilute solution) state, cHb is the Hb concentration (in g/ml), R is the gas
(8)
= (3Vtb ) 1/3
r Hb 4'1T '
1OZ4
where Vtb = MHb N (V Hb + SHbV~).
A
Here Vtb is the volume of the hydrated Hb particle (in
A3/molecule), SHb is the nondimensionalized increment of
hydration (as conventionally expressed), in units of
gHzO/gprotein; v~ is the specific volume of pure water
(1.0 cm3/g at 20°e); vHb is the partial specific volume of
Hb (0.75 cm3/g); MHb is the molecular mass ofHb (64,610),
and NA is Avogadro's number (Tanford, 1961; Squire and Him-
mel, 1979). The same values of the quantities MHb, v:'n" and~
also are applied in analyzing solubility data for the sickle-cell
mutant Hb (HbS), because HbS differs from Hb by only one
amino acid in each of the f3 subunits.
All of the quantities on the right-hand side of Eq. 8 are
taken as known except SHb' which is floated (rather than rHb)
when MSPT or BSPT is used to calculate lnyz for the purpose
of fitting a given set of data. A single value of SHb is fitted
over the entire Hb concentration range. Thus, rHb is assumed
to be independent of Hb concentration. The data ofAdair and
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constant, T is the temperature, and M llb is fIxed at 64,610 Da. For calcu-
lations using Eq. 9 to analyze the Hb osmotic pressure data reported by Dick
(1967), we converted the Hb molalities to molar concentration units by using
a partial specifIc volume of 0.75 ml/g for Hb and a density of water (bulk
and hydration) equal to 1 g/rnl. Further details on the introduction of the
predictions of either MSPT or BSPT into Eq. 9 for comparisons with ex-
perimental data are given in the Appendix.
Using Eqs. 1,3, and 9, we have derived an explicit analytic equation for
the MSPT-predicted osmotic pressure. By analogy with Eq. 8, we defIne the
hard sphere hydrated (h) and unhydrated (I> = 0) volumes (u) of Hb (in
A3/molecule) as
and
With the Hb concentration, vlIb' in units of molecules/A3, we obtain
Solubility fittings
For the analysis of aqueous solubility data of HbS as a function of
non-HbS protein (typically called "inert" and designated here NHbS)
added to the aqueous phase, the activity of HbS in the gel phase is
assumed to be independent of the amount of added NHbS protein, either
Hb or BSA (Behe and Englander, 1978; Ross and Minton, 1979). Be-
cause of the similar molecular weights and near spherical shapes of Hb,
HbS, and BSA, the radius of the NHbS protein is assumed to be equal
to that of HbS in our SPT analyses. The condition of phase equilibrium
for the solubility experiment is that the thermodynamic activity of HbS
in the saturated solution (ss) is equal to that in the gel phase at a given
T and P. Because it is assumed that the gel phase HbS activity is un-
affected by NHbS protein, the activity of HbS in a saturated solution
in the absence of NHbS protein, a~~, is equal to a~T""', the activity of
the HbS component in a saturated solution in the presence of NHbS
protein at concentration CNIlbS• (Note that the superscript zero, used here
to denote the absence of NHbS, differs from the symbol used elsewhere
in this paper to denote the standard state value of the indicated
II = RTI024 [( 1 _ 15(V:'nY + 7V:'n, Vi'n, + 15(V:'n,)4 - 24(V:'n,)3Vi'n,) (1 - Vi'n,VIIb )
N Vh - VU VU (Vh - VU )2 VU(Vh _ VU )4 In 1 - Vh VA lib lib Hb lib lib Hb lib Hb HbHb (10)
where, in Eq. 10,
24(Vi'n,/V:'n,) - 15
III = (1 - Vi'n,/V:'n,)4 '
and
9
IlS =I-Vi'n,/V:'n,'
(11)
RESULTS
SPT-based analysis of osmotic pressure
data for Hb
Theoretical calculations of the HbS activity coefficients are obtained
using either MSPT Eqs. 1-3 or BSPT Eqs. 1,2, and 4-6. To determine
numerically the functional relationship between c~T"'" and cNI!bS' we fIrst
calculate 'Y~ from c~.We then specify cNllbS and search iteratively for the
value of C::..sCNHbS (recalculating 'Y::..sCNHbS with each iteration of C::..sCNHbS) that
satisfIes Eq 13. For the fItting procedure, c~ and ~ are floated simul-
taneously. In our fIttings, we have combined the solubility data of three
separate experiments, the same as those analyzed by Minton (1980)
and considered subsequently by Berg (1990). Each data set, extracted from
Fig. 2 of Behe and Englander (1978), was corrected for the reported 5%
artifactual decrease in the supernatant protein concentration. An unweighted
nonlinear least-squares method (Straume et aI., 1991; Johnson and Frasier,
1985) was used in the solubility fIttings.
(13)'Y
..,O
CSS,CNHbS = css..o~
HbS HbS 'Y~~HbS·
thermodynamic property.) Therefore,
M = ZRT d In CIIb
lIb,app w2(1 - vllbP) d(x2) ,
where w is the rotor speed, P is the solution density, and x is the axial distance
from the center of the rotor (see, e.g., pp. 254-262 of Tanford, 1961). The
experimental quantity M lIb,app also is related to the dependence of In 'Yllb on
ln~ by the thermodynamic expression
The apparent molecular weight of Hb, M IIb•app' evaluated from sedimentation
equilibrium experiments, can be expressed in terms of directly measurable
quantities as
A weighted nonlinear least-squares method (Straume et aI., 1991;
Johnson and Frasier, 1985) was used to fit Eq. 10 to the osmotic pressure
data.
The predictions of BSPT are introduced into Eq. 9 as described in the
Appendix, and the integral specifIed in Eq. 9 is evaluated numerically using
standard routines from the IMSL library.
Sedimentation equilibrium fittings
(12)
MlIb,app == 1 + (0 In 'Yllb/o In cllbh/
where M llb = 64,610 g mol-I. To obtain a theoretical prediction of
MIIb,app, the activity coefficients, 'Y1Ib' are calculated using either Eqs. 1-3
for MSPT or Eqs. 1, 2, and 4-6 for BSPT, and the derivative (0 In 'Y~
oIn cllbh,p is evaluated numerically using standard routines from the
IMSL library. An unweighted nonlinear least-squares method (Straume
et aI., 1991; Johnson and Frasier, 1985) was used for all of the sedi-
mentation equilibrium fittings.
Adair (1928) reported measurements of the osmotic pressure
of aqueous hemoglobin (Hb) solutions at a moderate salt
concentration (pH -7.8, 0.1 M KCI, 0.0613 M NazHP04'
0.0053 M KHZP04) near the pI of Hb (pI = 6.8). The data
extend from -4 to - 340 mg/ml. Hemoglobin concentrations
in red blood cells and total cytoplasmic protein concentra-
tions in E. coli at high osmolarity approach the upper end of
this range. Adair's data were fitted by Ross and Minton
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FIGURE 1 Best-fittings to Adair's osmotic pressure data (0) (Adair,
1928). The solid curve is the fitting using MSPT. The dashed curve is the
fitting using BSPT with rw fixed at 1.375 A. The fitting using BSPT allowing
rw to float is superimposable on the dashed curve. Results of these fittings
are summarized in Table 1.
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FIGURE 2 Best-fittings to Adair's osmotic pressure data published by
Dick (0) (Dick, 1967). The solid curve is the fitting using MSPT (X; = 1.5).
The long-dashed curve is the fitting using BSPT with rw fixed at 1.375 A
(X; = 0.18). The short-dashed curve is the fitting using BSPT with Om, and
rw floated (X; = 0.14). Results of these fittings are summarized in Table 1.
both data sets, the range of uncertainty in SHb calculated in
the two-parameter fitting is lO-fold larger than that in the
single-parameter fitting. The high correlation between ~
and rw calculated by NONLIN (which yields a correlation
coefficient of 0.995 for Adair's (1928) data and 0.99 for
Adair's data reported by Dick (1967» indicates that the er-
rors of the two-parameter fittings are significantly larger than
those calculated by NONLIN.
The value of SHb from the single-parameter BSPT fitting
in Fig. 2 is significantly smaller than that obtained in Fig. 1.
This may indicate a real difference resulting from coulombic
or other contributions to nonideality not modeled by BSPT,
or from some other systematic difference in the data sets.
Both values of~ are in the range estimated experimentally
from hydrodynamic measurements. For the two-parameter
fittings, the errors in both parameters (SHb and rw) are much
larger, and the numerical values of both SHb and rw agree
within error for the two data sets.
2 In a previous publication, we reported a best-fitted Om, = 0.045 :!: 0.006
gig using MSPT to fit Adair's (1928) data (Cayley et aI., 1991). The dif-
ference between this value of Om, and our currently reported best-fitted value
of Om, using MSPT arises solely from the methods of assigning errors to the
osmotic pressure measurement. Our previous calculation was a conventional
unweighted, nonlinear, least-squares fitting based on the assumption of a
constant absolute error in each osmotic pressure. However, consideration of
earlier work by Adair (1925) and discussion with A. Parsegian (personal
communication) led us to conclude that use of a constant percentage error
is a more reasonable assumption for the osmotic pressure determinations.
(1977) using McMillan-Mayer theory with the virial expan-
sion for hard spheres (MMHS) but have not been analyzed
previously using SPT. Dick (1967) reported an extensive
investigation by Adair of the osmotic pressure of Hb solu-
tions (between ~1l3 and ~509 mglml) under conditions
similar to those of Adair (1928) (0.1 "ionic strength"; pH
7.43). The extended range of Hb concentrations in this data
set is important to provide a more stringent test of the two
SPT theories and because total cytoplasmic macromolecular
(i.e., total protein and nucleic acid) concentrations in E. coli
at high osmolarity exceed 340 mglml.
Fig. 1 and 2 show our fittings of the two sets of osmotic
pressure data. Because uncertainties were not reported, we
have assumed that the SD for each osmotic pressure deter-
mination is 6% of the measured osmotic pressure, as reported
previously by Adair (1925). The MSPT osmotic pressure is
calculated using Eq. lO. The BSPT osmotic pressure is cal-
culated from Eqs. 1, 4-6, and 9 using standard numerical
algorithms for integration (IMSL).
In the MSPT fittings and in one set of the BSPT fittings,
the only adjustable parameter is SHb' We find that the best-
fitted values of SHb from BSPT (0.56 ± 0.01 gig for Adair's
(1928) data and 0.442 ± 0.004 for Adair's data reported by
Dick (1967» are much closer to the range of values of SHb
obtained by analysis of transport data (e.g., 0.74 gig, Squire
and Himmel (1979); ~0.6 gig, Kuntz and Kauzmann (1974);
~0.36 gig, Tanford (1961» than is the value of~ predicted
when MSPT is used (0.03 ± 0.01 gig for Adair's (1928) data2
and 0.00 ± 0.01 for Adair's data reported by Dick (1967».
The quality of the BSPT fitting of Adair's data reported by
Dick (1967) is substantially better than that of the MSPT
fitting, as is demonstrated by the order of magnitude differ-
ence in X; (see Fig. 2 legend) and by visual inspection of the
best-fitted curves (see Fig. 2). Characteristics of the fittings
are summarized in Table 1.
In the two-parameter fitting using BSPT, where both the
radius of water (rw) and SHb are floated,~ is found to be the
same (within 1 SD) as that obtained from the single-
parameter fitting (where rw is fixed at 1.375 A). Compared
with the fixed value of rw in the single-parameter BSPT fit-
tings, the values of rw obtained from the two-parameter
fittings fall within 1 SD for Adair's (1928) data and within
2 SD for Adair's data reported by Dick (1967). The fitted
curve resulting from the two-parameter fitting is superim-
posable on the fitted curve of the single-parameter fitting
(SHb) for Adair's (1928) data and almost superimposable on
that for Adair's data reported by Dick (1967). For fittings of
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TABLE 1 SPT analyses of thermodynamic data for Hb solutions
Experimental data
from:
Osmotic Pressure§
Osmotic Pressure'
Sedimentation EquiI.1I
Solubility""
Protein concentration
range (mg/ml)
7-344
113-509
5-361
195-301
0.03 :t 0.01
0.00:t 0.01
0.014 :t 0.003
-om :t 0.03
BSPT"
8Hb (gHzO 7 gHb)
0.56:t om
0.442 :t 0.004
0.537 :t 0.005
0.48 :t 0.05
BSIT
8Hb (gHzO 7 gHb)
0.6 :t 0.2
0.50:t 0.04
0.33 :t 0.05
1.4 :t 0.3
1.48 :t 0.07
1.03 :t 0.09
"rw fixed at 1.375 A, ~ floated.
tBoth rw and ~ floated.
§Adair (1928).
'Data collected by Adair and published by Dick (1967).
lIRoss et aI. (1978), data provided by A. Minton.
""Behe and Englander (1978); rw and ~ are too highly correlated to be fitted independently.
SPT-based analysis of sedimentation equilibrium
data for COHb
Ross et al. (1978) carefully investigated thennodynamic non-
ideality ofconcentrated aqueous solutions of COHb and HbS
(COHbS) by sedimentation equilibrium at temperatures of 2,
10, and 20°C (pH ~ 7.0,0.1 M phosphate buffer). (These
data were kindly provided to us by Dr. A. Minton.) At each
temperature, the apparent molecular weight of COHbS was
detennined as a function of HbS concentration up to a con-
centration of ~350 mg ml- 1• These data were fitted by Ross
et al. (1978) using MMHS, but have not been analyzed pre-
viously using SPT. Because Ross et al. (1978) found that the
nonideality of these solutions was not significantly affected
by minor variations in protein structure (i.e., Hb versus HbS)
or temperature (2-20°C), we combined all six sedimentation
equilibrium data sets and fitted them together.
Fig. 3 and Table 1 summarize the results of our fittings of
COHb and COHbS sedimentation equilibrium data. In all of
the fittings, we float aRb and fix M Rb = 64,610 Da. The
best-fitted value of aRb obtained by analyzing the sedimen-
tation equilibrium data is 0.014 ± 0.003 gig using MSPT and
0.537 ± 0.005 gig using BSPT. The MSPT result is within
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FIGURE 3 Best-fittings to sedimentation equilibrium data (Ross et aI.,
1978). The solid curve is the fitting using MSPT. (For ease of comparison,
the following designations of molecular species are those of Ross et aI.) The
dashed curve is the fitting using BSPT. Both fittings include all data shown;
(D) eOHbA at 2°e, (X) eOHbA at lOoe, (+) eOHbA at 20oe, (0) eo-
HbS at 2°e, (L'» eOHbS at lOoe, (0) eOHbS at 20°C. Results of these
fittings are summarized in Table 1.
1 SD of that obtained by MSPT analysis of osmotic pressure
data. The single-parameter BSPT fitting is within 1 SD of
that obtained from Adair's (1928) osmotic pressure data, but
larger (and outside of 2 SD) than that from the data reported
by Dick (1967).
For the two-parameter fitting using BSPT, aRb is 0.33 ±
0.05 gig and rw is 1.03 ± 0.09 A. This value of aRb is less
than that reported from all other BSPT fittings. The fitted rw
is also less than that predicted from other two-parameter
BSPT fittings and is less than the fixed value (1.375 A) used
in the single-parameter BSPT fittings. However, the corre-
lation coefficient calculated by NONLIN between aRb and rw
is 0.991 and, thus, the errors calculated by NONLIN prob-
ably are significantly smaller than the true errors. The best-
fitted curve from the two-parameter fitting using BSPT is
intennediate between those obtained by the MSPT fitting and
the one-parameter BSPT fitting.
SPT-based analysis of effects of NHbS protein
concentration on HbS solubility
Uncertainties in these important thermodynamic data, which
demonstrate a large effect of macromolecular crowding on
the solubility of HbS, limit the quantitative treatment of them
by SPT. Because our goal for this data set is to compare our
analysis with Berg's analysis of Ross and Minton's results
(Ross and Minton, 1979; Berg, 1990), we fit the data fitted
(visually) by Ross and Minton (1979). These data are plotted
in Fig. 4; values of aRb from the two SPT analyses are listed
in Table 1. The fitted solubility of HbS in the absence of
"inert" (NHbS) protein (c~~) is 206 ± 2 mg/ml, independent
of the method (i.e., MSPT or BSPT) used to calculate aRb'
We find that the fitted amounts of hydration are -0.01 ±
0.03 g/g by MSPT and 0.48 ± 0.05 gig by BSPT. The aRb
obtained from fittings using MSPT is the same within error
as that predicted by using MSPT to fit both sets of Adair's
osmotic pressure data, as well as by using MSPT to fit the
sedimentation equilibrium data. The best-fitted value of aRb
obtained by using BSPT to fit the solubility data is within
1 SD of that predicted by the single- and double-parameter
BSPT osmotic pressure fitting of Adair's data published by
Dick (1967) and ofthat predicted by the two parameter BSPT
osmotic pressure fitting of Adair's (1928) data, but it does
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FIGURE 4 Best-fittings to the Behe and Englander (1978) HbS solubility
data. The solid curve is the fitting using MSPT. The dashed curve is the
fitting using BSPT. Both fittings include all data shown; (L',.) R-state HbA,
(0) BSA, and (0) unhybridized native HbA. (The molecular species des-
ignations given here are those of Behe and Englander (1978), for ease of
comparison.) Results of these fittings are summarized in Table 1.
differ by slightly more than 1 SD from that predicted by the
single-parameter BSPT osmotic pressure fitting of Adair's
(1928) data, and from the one- and two-parameter BSPT
sedimentation equilibrium fittings. In fitting the solubility
data, we find that rwand SHb are too highly correlated to allow
simultaneous fitting of rw as an additional parameter.
Berg also compared MSPT and BSPT as applied to HbS
solubility data. His BSPT fitting yielded a radius of Hb of 33
A. Using this radius, the amount of hydration that we cal-
culated with Eq. 8 (SHb = ~0.66 gig) is higher than the
best-fitted values that we obtain using either MSPT or BSPT.
This difference in SHb is well outside of error, but the dis-
crepancy is difficult to interpret because neither Berg's com-
parison nor Minton's analysis used a quantitative, nonlinear
least-squares fitting of the solubility data. (Both were based on
semi-quantitative, visual fittings that did not take into account the
protein concentration correction described in Methods.) None-
theless, the analysis presented here, like that of Berg (1990),
leads to the conclusion that BSPT is capable of fitting the solu-
bility data reported by Behe and Englander (1978).
DISCUSSION
Comparison of MSPT and MMHS
From an analysis of Adair's osmotic pressure data (Adair,
1928; ct. Fig. 1) using MMHS (based on McMillan-Mayer
theory and the virial expansion with coefficients evaluated
using the hard sphere interaction potential), Ross and Minton
(1977) reported a fitted volume of Hb that corresponds to
SHb = 0.21 ± 0.03 gig. Similarly, Ross and co-workers (Ross
et aI., 1978) reported Hb volumes from fittings of sedimen-
tation equilibria derived from MMHS that correspond to
SHb = 0.17 ± 0.01 gig. These estimates of SHb are larger than
our best-fitted MSPT values; this discrepancy between
MSPT and MMHS must be a result of the mathematical ap-
proximations inherent in the formulation of these theories,
inasmuch as they both are based on a continuum model for
solvent and treat the Hb solution as a one-component system.
Comparisons of the pressure predicted by simulations of
hard sphere fluids with the hard sphere virial expansion, as
well as comparisons of hard sphere simulations of activity
coefficients with those calculated by SPT, show that the ap-
proximations resulting from the truncated virial expansion of
MMHS and those resulting from the derivation of SPT are
not the same. Over the range of concentrations of interest
here, the truncated virial expansion underestimates by 2-3%
the pressure of a hard sphere fluid as compared with mo-
lecular dynamics simulations (Ree and Hoover, 1967),
whereas the SPT-predicted activity coefficient is ~%
higher than that predicted using Monte Carlo simulations
(Adams, 1974). These differences are consistent with the
smaller values of SHb predicted here by the MSPT approach
as compared with those predicted by MMHS.
The assumption of spherical shape
In applying SPT to a real system containing more than one
component, all of the model particles must be assumed to
have the same shape, because analytic expressions describ-
ing the nonideality due to hard particle interactions in mix-
tures of particles of different shapes are not available. For the
systems analyzed in this paper, we follow the precedent of
taking all particles to be spherical. (In their MMHS analysis
of Adair's (1928) osmotic pressure data on Hb, Ross and
Minton (1977) made a detailed investigation of some alter-
native simple geometric shapes for Hb and arrived at the
conclusion that this protein was at least "quasispherical.")
For Hb the axial ratio calculated from the crystal structure as
a prolate ellipsoid is -1.26 (Squire and Himmel, 1979;
Kuntz and Kauzmann, 1974). The hard sphere model is prob-
ably more appropriate for Hb than for BSA (axial ratio -3.5;
Squire and Himmel (1979» or water.
Simulations using MC and/or molecular dynamics meth-
ods provide an alternative (in principle rigorous) approach to
predict the thermodynamic properties of hard particle sys-
tems. Simulations could be carried out for mixtures of par-
ticles of different shapes, but the relatively high number den-
sity of the relatively small solvent molecules could retard
equilibration substantially because of insufficient sampling
of configuration space (Jackson et aI., 1987). The use of SPT
to analyze mixtures of spheres of much different sizes (and
number densities) is straightforward and computationally
much faster than the corresponding simulations. However,
for applications of BSPT to analyze the systems and con-
ditions considered in this paper, theoretical tests of SPT pre-
dictions by comparisons with simulations incorporating the
same model assumptions have not yet been carried out.
Effects of the experimental solution conditions
on our fitted values of BHb
The small but significant differences between the best-fitted
values of ~ determined from the osmotic pressure data,
the sedimentation equilibrium data, and the solubility data
could result from differences in the pH and salt/buffer
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concentrations. However, Adair (1928) showed that the os-
motic pressure of a solution containing -200 mg/ml Hb is
the same within error at pH 6.8 and 7.9. Thus, any differences
in charge (pI = 6.8) in Hb at pH 6.8 and 7.9 do not sig-
nificantly affect nonideality at 200 mg/mI. At higher con-
centrations, the charge on a protein could have a more sig-
nificant effect on its nonideality. This effect may account (at
least in part) for the differences in the best-fitted values of
8Hb obtained in our analyses of different data sets. Analyses
of sedimentation equilibrium data of Hb and HbS by us and
others (Ross et aI., 1978) show no significant effect of tem-
perature on the best-fitted hard particle radius. The small
dependences of these data on pH and (to an even lesser ex-
tent) on T are consistent with the expectation that a hard
particle model can provide an accurate description of non-
ideality in concentrated protein solutions, at least when the
net charge on the protein is small.
Physical interpretation of BHb
The results presented in this paper demonstrate that diverse
types ofequilibrium measurements can be fitted with a single
value of the parameter~ as defined in Eq. 8. This finding
supports the applicability of the hard sphere model to solu-
tions of Hb, but does not necessarily guarantee a simple
physical interpretation of the best-fitted hard sphere radius.
The magnitude of 8Hb could be affected either by deficiencies
in the hard sphere model as an accurate basis for predicting
measurable properties of a concentrated solution of real mac-
romolecules or by deficiencies in SPT as a predictor of ex-
cluded volume nonideality in model hard sphere fluids. Evi-
dence that the latter concern may be significant, at least for
MSPT calculations, is implied by the Me results reported by
Adams (1974).
A radius as large as the hydrodynamic radius may appear
inappropriate as the hard sphere radius needed to describe
repulsions between proteins at the molecular level (for the
purpose of SPT calculations of thermodynamic properties).
Minton proposed that the relevant hard particle volume
should be greater than the partial specific volume but sub-
stantially less than the hydrodynamic volume (Minton,
1980). An implication of this proposal is that there is no large
short range repulsion between macromolecules at interpar-
ticle separations of twice the hydrodynamic radius. However,
recent osmotic stress experiments on collagen triple helices
indicate a large short range repulsive force that is indepen-
dent of [NaCl] and that extends over a distance approxi-
mately equal to twice the hydrodynamic helical radius (cf.
Fig. 2 in Leikin et aI., 1994). Such a large, short range re-
pulsive force could be well approximated by a hard core
repulsion.
Because the BSPT analyses do yield reasonable values for
8Hb and yield better fittings (than those obtained from MSPT)
of the Hb osmotic pressure data at Hb concentrations above
350 mg/mI, we conclude that crowding effects from water (in
the BSPT formulation) can be described usefully using a
two-state model that classifies water as either hydration or
bulk. The bulk water molecules are modeled as small hard
spheres, and the water of hydration is assumed to increase the
effective hard sphere radius of the macromolecule. An analo-
gous treatment of the water of hydration is standard in the
analysis of transport data to obtain information about the size
and shape of globular macromolecules (Tanford, 1961).
However, we know of no previous two-state treatment of
bulk water and hydration water for the calculation of the
excluded volume contributions to thermodynamic nonide-
ality of concentrated macromolecular solutions.
Summary of the applicability of MSPT and BSPT
in crowding calculations
Below ~350 mg/ml, both MSPT and BSPT (when suitably
parameterized) yield accurate fittings of the thermodynamic
properties considered here (albeit with different macromo-
lecular radii). When the range of macromolecular concen-
trations extends above -350 mg/ml, BSPT provides more
accurate fittings of the osmotic pressure data than does
MSPT. In summary, BSPT can predict accurately all of the
three types of thermodynamic properties with similar hard
sphere radii of the hydrated Hb particle (corresponding to
8 == 0.5 gH20/gprotein). MSPT accurately predicts the ther-
modynamic properties of Hb solutions with a hard sphere
radius nearly equal to that of unhydrated Hb (corresponding
to 8 == 0.0 gH20/gprotein), provided the macromolecular
concentration does not exceed -350 mg/mI. Accordingly, if
MSPT is used to estimate macromolecular activity coeffi-
cients in solutions where the concentration of Hb does
not exceed 350 mg/ml, then the unhydrated radius of Hb
(Le.,~ = 0) should be used. To generalize from this result,
we predict that if a hydrated macromolecular radius is
used with MSPT (e.g., Zimmerman and Trach, 1991), then
the thermodynamic effects of crowding will be greatly
overestimated.
Deviations from SPT predictions of nonideality:
possible role of coulombic effects
It is clear from this and previous analyses that thermody-
namic data in Hb solutions obtained near the isoelectric point
at moderate salt concentrations can be fitted successfully by
excluded volume theory neglecting coulombic contributions
to nonideality. Minton and Edelhoch (1982) found that light
scattering data as a function ofBSA concentration (up to -90
mg/ml) at different pH values could be described quantita-
tively by assuming a hard sphere model. Although these data
could be well fitted by the hard sphere model, many of the
best-fitted effective specific volumes of BSA were larger
than those found for any other protein system analyzed using
hard sphere models. The effective hard sphere radius was
found to increase as the pH increases from the isoelectric
point of BSA; this effect was attributed to increased cou-
lombic repulsions (BSA has a net charge of ~ - 20 at a pH
of -7.6 and -0 at a pH of -4.4).
For the BSA data, effects of increases in protein charge can
be parameterized successfully (at least over a limited
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FIGURE 5 Best-fittings to osmotic pressure data of (D) a-crystallin in
high salt (Ven:tout et al., 1989). The solid curve is the fitting using MSPT
with 8 as the only floated parameter. The long-dashed curve is the fitting
using BSPT with 8 as the only floated parameter.
concentration range) by increasing the effective hard sphere
radius. However, Veretout et al. (1989) found that their os-
motic pressure data for a-crystallin (up to -390 mg/ml)
could not be fitted using an approach equivalent to MMHS
with any reasonable choice of hard sphere radius for the
protein. The results of their fitting procedures show clear
qualitative disagreement between experimental data and the
best-fitted theoretical curves. Veretout et al. noted that under
the conditions of their experiment the charge on a-crystallin
is great enough (-46 ± 12, as inferred by Siezen and Owen
(1983) from electrophoretic measurements (Niyogi and
Koenig, 1962» to indicate that coulombic interactions cannot be
neglected. The thermodynamic consequences of these interac-
tions in a-crystallin solution are much larger than would be ex-
pected for Hb, which has at most a small charge under the ~n­
ditions where the data fitted in the present paper were acquIred.
Our analysis of the osmotic pressure data reported for
a-crystallin by Veretout et al. is shown in Fig. 5, which
demonstrates that even at the highest salt concentration in-
vestigated by them neither MSPT nor BSPT provides an
adequate fitting for any reasonable value of S (or the mo-
lecular weight). (At any lower salt concentration, coulombic
contributions to nonideality are expected to be even more
substantial.) The inadequacy of both MMHS and SPT (in
either form) as means of accounting for thermodynamic data
for a-crystallin solutions indicates that hard sphere radii can-
not always be adjusted to parameterize the contribution of
coulombic interactions to nonideality, and that predictions
based on hard sphere models can be qualitatively inconsistent
with experimental observations at high concentrations of
relatively highly charged macromolecules. The failure of
SPT in either form to fit data to which neither should be
applicable tends to support the physical significance of the
parameters obtained here from data that can be fitted by SPT.
The inapplicability of SPT to solutions of a-crystallin does
not necessarily preclude the relevance of a two-state model
for water in solutions of highly charged macromolecules, but
does imply that for such systems another method of allowing
for coulombic interactions in addition to hard sphere inter-
actions will be needed to predict the concentration depen-
dence of the macromolecular activity coefficient.
200 300 400
Concentration (mg/mL)
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CONCLUSIONS
In this paper, we have demonstrated that BSPT can be used
to fit a variety of thermodynamic data on Hb (or closely
related globular proteins) with best-fitted values of SHb that
are comparable with that obtained from hydrodynamic mea-
surements. In our applications of BSPT, a constant pressure
constraint was used to determine the concentration of bulk
water in the macromolecular solution, instead of the approxi-
mate analytic expression derived by Berg, which is less ac-
curate toward the high end of the experimental range of Hb
concentrations. The results presented in this paper indicate
that BSPT is more accurate than MSPT as a predictor of the
contribution of macromolecular crowding to thermodynamic
properties of Hb solutions when the range of Hb conce~­
trations exceeds 350 mg/ml. In a subsequent report, we wIll
compare the applicability of MSPT and BSPT to the analysis
of excluded volume nonideality in concentrated solutions of
a flexibly coiling polymer.
Although Berg included water as hard spheres in his cal-
culation of the solute activity coefficient, he did not use a
two-state classification of water to interpret the enhancement
of the macromolecular radius (due to hydration) as distinct
from the bulk hard sphere water. We interpret the increase
in the BSPT-predicted Hb radius (relative to that predicted
from the partial specific volume of unhydrated Hb) not only
as a hard sphere measure of the extent of hydration of Hb,
but also as indicative of the potential applicability of a
simple, two-state model for water (hydration and bulk) in a
macromolecular solution. On the basis of the thermody-
namic data, we conclude that this two-state model of wa-
ter suffices to characterize the thermodynamic effects due
to crowding in a macromolecular solution, at least when
the charge density on the macromolecules is sufficiently
low that coulombic contributions to nonideality are
inconsequential.
The osmotic pressure, II, is defined as the difference in the mechanical
pressures acting on two solutions in dialysis equilibrium separated by
a membrane that is impermeable to at least one of the components. When
(as in Adair's experiments on hemoglobin) one or more types of low
molecular weight solutes as well as water are diffusible across the mem-
brane, II generally is called a "Donnan" osmotic pressure. If the mem-
brane is impermeable only to solute component "2," II can be expressed
as a function of the activity coefficient, "Y2' of this nondiffusible solute
(here assumed to be uncharged, for the sake of simpler expressions). In
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containing component 2 is the same in the initial and fmal states (e.g., before
and after an addition of component 2 to the solution on the other side of the
dialysis membrane). Over the range of concentrations investigated by Adair
(1928), the composition of the dialyzing solution was reported to have been
essentially constant. When Ross and Minton (1977) applied MMHS to their
analysis of Adair's data, they also in effect assumed that /Lin, is the only
chemical potential to vary in response to changes in cHb.
In our applications of (A7d) to arrive at theoretical predictions of II, we
do not rely upon SPT to evaluate v;'n" because the underlying model contains
no information about the short range attractive forces that cause the volume
of the real system, a condensed liquid, to be much less than that of the
analogous ideal gas mixture. (Although Vi = RTfP for any component i in
an ideal gas mixture, the corresponding vi = 0, because for an ideal gas
lLi is a function only of temperature.) Instead of assuming the "ideal gas"
value, we set v;'n, equal to the experimental value inferred from the mea-
surements reported by Adair and Adair (1947). This assumption implies that
the interaction-dependent contributions to /Lin, can be separated into two
additive terms. The first, contributing to 1L;'n, (T, P), depends exclusively
on pressure at a given temperature and yields when differentiated with
respect to P the correct (experimental) value of v~. Only the second term,
RT In 'YHb' is taken to be directly comparable with the predictions of one
or the other of the two versions of SPT used in this paper to analyze
experimental data.
An equation equivalent to (A7d) was used, in conjunction with a virial
expansion analysis of osmotic pressure data (Adair, 1928), to analyze sedi-
mentation equilibrium data on Hb (Ross and Minton, 1977). This analysis
yielded the same effective hard sphere volume of Hb that was obtained from
a virial expansion analysis of the osmotic pressure data (which did not
require (A7d) in any form). A subsequent virial expansion analysis (reported
by Eaton and Hofrichter (1990» of the same set of sedimentation equilib-
rium data (based on an equation analogous to (A7d), but from which the term
czv~ was omitted) yielded a value for the hard sphere volume of Hb that is
lower (by -15%) than that obtained from the previous virial expansion
analysis of Adair's osmotic pressure data. This discrepancy has no direct
bearing on any of the analyses reported in the present paper, which are not
predicated on the virial expansion for II and do not use SPT to evaluate virial
coefficients.
In summary, the predictions of MSPT and of BSPT are introduced into
the thermodynamic expression for II (Eq. 9 above) in the following ways.
The explicit expression for II given by Eq. 10 is derived by analytic inte-
gration of the integral in Eq. 9 using the formula for In -yMSPT obtained from
Eqs. 1 and 3. The BSPT prediction for II was obtained by numerical evalu-
ation of the integral in Eq. 9, where In 'Y~PT, as defined in Eq. 5, is evaluated
by determining the implicit dependence of Vw on vHb from the constant pBSPT
criterion described in connection with Eq. 7. This approach to the analysis
of II appears to be most closely analogous to that introduced by Berg (1990)
in his analysis of HbS solubility data. Alternative adaptations of SPT to
predict II for systems where the solvent is modeled explicitly are under
investigation in this laboratory.
(AZ)
(A3)
(A4)
(AI)
(A6)
(ASa)
(ASb)
1L2 = IL~(T, P) + RTin 'Y2C2'
Introducing Eq. ASb into Eq. A4
where the summation runs over all components in the system, including the
solvent. In the context of a dialysis equilibrium, if solute "2" is the only
nondiffusible component in the solution of interest, and provided that the
change in the composition of this solution is made in such a way that the
chemical potentials of all the diffusible components (including solvent) do
not change, then from (AZ) the following equation describes changes in P
and in IL2 that are caused by changes in c2
Under the specified constraints (alllLi"2 held constant), the indicated partial
derivative of IL~ does not vanish because both IL~ and c2 change with the
variable pressure. A useful alternative form of the first term on the right-
hand side of Eq. A4 is obtained by applying the chain rule and Euler reci-
procity (which relates the pressure derivative of IL~ to M2v~)
In this equation "12 and c2 are understood to be dimensionless functions
whose numerical magnitudes are determined by the units chosen to
specify c2 (such as grams of solute 2 per ml of solution.)
The derivation of a general relationship between II and "12 can be initiated
by considering an isothermal change in the composition of a multicompo-
nent solution that is not maintained at constant pressure. For this situation,
the Gibbs-Duhem equation is
Introducing (AI) into (A3)
accordance with the following conventional expression the chemical
potential, 1L2' of component 2 is expressed in terms of its standard-state
chemical potential IL~ (T, P), a function only of temperature and pres-
sure, and its activity, 'Y2C2
To express the osmotic pressure, II, resulting from the isothermal ad-
dition of the nondiffusible solute 2 to a solution where the chemical po-
tentials of all diffusible components are the same in the final as in the initial
state, (A6) is integrated as follows (by noting v~ is not a function of c2)
The invariance of the set of chemical potentials {lLi ..2} is ensured ex-
perimentally when the composition (as well as T and P) of the solution not
IlM2 _ ("1 -0 -1 ( (a In "12 ) )/iT- In (l-c2v 2) 1+ alnc
2
dC2
o T,l",,,,}
1 Ie2 (a In "12 )
= --In(1 - c VO) + (1- C VO)-1 -- dcVO 2 Z Z 2 aIn c 2
2 0 2 T,l",,,,}
1 _ 1"1 C2
= -::-;; In(1 - C2V~) + (1 _ 0) d In 'Yz
Vz 0 CzV z
1 _ C2 In 'Yz 1"1 In "12
= -00 In(1 - C2V~) +~ - (1 _ -O)Z dcz
2 CZV 2 0 CZV 1
(A7a)
(A7b)
(A7c)
(A7d)
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